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The problem



Homology inference

Xn “ tx1, x2, . . . , xnu Ď RD a finite sample.

A: Compute persistent homology of Xn.

Xn ĎM a d-dimensional Riemannian manifold.

Q: How to infer the homology of M from the
sample Xn?
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Ambient persistent homology
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Ambient persistent homology

‚ RipsεpM, dE q »M for ε ă 2rchpMq
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Intrinsic persistent homology

dkNNpx , yq “ inf
γ:xÑy

ÿ

|xi ´ xi`1| „ dMpx , yq
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Intrinsic persistent homology

‚ RipsεpM, dMq »M for ε ă convpM, dMq
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The problem of noise
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The problem of noise
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The problem of noise
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Density-based manifold learning



Fermat distance

Let Xn Ď RD a sample of points.

For p ą 1, the Fermat distance between x , y P RD is defined by

dXn,ppx , yq “ inf
γ

r
ÿ

i“0

|xi`1 ´ xi |
p

over all paths γ “ px0, . . . , xr`1q of finite length with x0 “ x , xr`1 “ y and
tx1, x2, . . . , xru Ď Xn.
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Example

Manifold

Sample
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Example
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Properties of Fermat distance

X Ď RD sample of points.

dXn,ppx , yq “ inf
γ:xÑy

r
ÿ

i“0

|xi`1 ´ xi |
p

M Ď RD a d-dimensional manifold.
f : MÑ R a density function.

dM,f ,ppx , yq “ inf
Γ:xÑy

ż

Γ

1
f pp´1q{d

• Convergence of persistence diagrams:

dgm
´

Rips
`

Xn,C pn, p, dqdXn,p

˘

¯

B
ÝÝÝÑ
nÑ8

dgm
´

Rips
`

M, dM,f ,p

˘

¯
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Properties of Fermat distance

• Convergence of persistence diagrams:

dgm
´

Rips
`

Xn,C pn, p, dqdXn,p

˘

¯

B
ÝÝÝÑ
nÑ8

dgm
´

Rips
`

M, dM,f ,p

˘

¯

• Less sensitiveness to the embedding:

Ripsε
`

M, dM,f ,p

˘

»M @ε ă convpM, dM,f ,pq

• Robustness to outliers: Xn ĎM sample, Y Ď RD rM outliers.

dgmk

´

Ripsăδp
`

Xn Y Y , dXnYY ,p

˘

¯

“ dgmk

´

Ripsăδp
`

Xn, dXn,p

˘

¯

for some δ ą 0˚ and all degree k ą 0.

* Here, for p large enough δp ą diampXn, dXn,pq.
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