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The problem



Homology inference

(M, g) a d-dimensional Riemannian manifold
embedded in RP.
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Homology inference

(M, g) a d-dimensional Riemannian manifold

X, = {x1,%2,...,X,} a finite sample of M.
embedded in RP.
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Q: How to infer the homology of M from the A: Compute persistent homology of X,,.
sample X7



Ambient persistent homology

Euclidean distance
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Ambient persistent homology

Euclidean distance
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e Rips (M, dg) ~ M for € < 2rch(M)



Intrinsic persistent homology

kNN distance k =5
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Intrinsic persistent homology

kNN distance k = 5
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e Rips (M, dy) ~ M for € < conv(M)



The problem of noise

kNN distance k =5

s Noisy sample
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The problem of noise

kNN distance k =5
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The problem of noise

kNN distance k = 4
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Density-based manifold learning



The manifold (and density) assumption

X, = {x1,%,...,%,} a finite set of points in RP.
We assume that:

x X, lies in a d-dimensional Riemannian manifold M embedded in R,
x# X, is drawn according to a smooth density f : M — R.,.




The manifold (and density) assumption

X, = {x1,%,...,%,} a finite set of points in RP.
We assume that:

x X, lies in a d-dimensional Riemannian manifold M embedded in R,
x# X, is drawn according to a smooth density f : M — R.,.

XLn

Idea:

— Consider a Riemannian metric that depends on f.
— Find an estimator of the (density-based) Riemannian metric from the sample.



Deformed Riemannian metric

e Let (M, g) be a Riemannian manifold and let f : M — R be a smooth density.
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Fermat distance

o Let X, < RP a sample of points.
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Fermat distance

o Let X, < RP a sample of points.

e For p > 1, the (sample) Fermat distance between x, y € RP is defined by
dx,.p(X,y) 'an Ixi+1 — xi|P

over all paths v = (xg, ..., x,+1) of finite length W|th Xo = X, X,+1 = y and
{x1,x2,...,x} € X,.
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Example (Fermat distance)

Manifold
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Example (Fermat distance)

Manifold
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Example (Fermat distance)

Manifold

Fermatp = 3.0

Fermat p = 2.0
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Convergence of metric spaces

Forp>1landg=(p—1)/d,

¢ Population metric space: (M, dr q);

o Sample metric space: (X,,dx, ).
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Convergence of metric spaces

Forp>1land g=(p—1)/d,

Population metric space: (M, d¢ q);

Sample metric space: (Xn, dxn,p)-

There exist a constant C(n, p,d) > 0 such that for every A€ ((p —1)/pd,1/d) and € > 0
there exist 6 > 0 satisfying

P (don (M, dr.q), (Xn C(n, p, d)dk, ) > €) < exp (—gn(1-3D)/(@+20))

for n large enough.
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Convergence of persistence diagrams

Forp>1landg=(p—1)/d,

Population persistence diagram: dgm(Filt(M, df 4));
Sample persistence diagram: dgm(Filt(X,, dx, ,)).

There exist a constant C(n, p, d) such that for every \ € ((p —1)/pd, 1/d) and € > 0 there
exist # > 0 satisfying

P (b (dgm (Fils(M, dr,q)), dzm(Filt(Xn, C(n, p, d)d, 5))) > <)
< exp (— A D/(@+20))

for n large enough.
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Example

Lifetime

Noisy sample

Fermat distance withp = 2.5

Fermat distance with p = 3

Fermat distance with p = 3.5
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Robustness to outliers
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Robustness to outliers
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Robustness to outliers

Euclidean distance (without outliers; k-NN distance (without outliers)
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Robustness to outliers

Euclidean distance (without outliers; k-NN distance (without outliers)
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Robustness to outliers

Euclidean distance (without outliers k-NN distance (without outliers) Fermat distance p = 3 (without outliers)
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Robustness to outliers

Euclidean distance (without outliers k-NN distance (without outliers) Fermat distance p = 3 (without outliers)
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Robustness to outliers (Fermat distance)

Fermat distance p = 3 (without outliers)
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Robustness to outliers (Fermat distance)

Fermat distance p = 3 (without outliers)
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Robustness to outliers

Let X, be sample of M and let Y = RP . M be a finite set of outliers.

There exists 6 > 0 such that for all k > 0 and p > 1,

dgmk(RipS<6P (Xﬂ vY, anu Y,P)) = dgmk(RipS<5P (Xm deP))'

Here, for p large enough 6 > diam(X,, dx, p).
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Applications to signal analysis




Delay embedding

e Signal X : [to,t1] = R

n
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Delay embedding

e Signal X : [to,t1] = R

n

e Delay embedding

M ={(X(t),X(t+ T),X(t+2T)....X(t+(D—-1)T)) : te[to,ts — (D—1)T]}
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Delay embedding

° Xi[to,tl]ﬁR

n

M ={(X(t),X(t+ T),X(t+2T)....X(t+(D—-1)T)) : te[to,ts — (D—1)T]}

Lorenz Attractor
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Time series: Anomaly detection

ECG signal
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Time series: Anomaly detection

ECG signal
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Time series: Anomaly detection
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Time series: Anomaly detection

ECG signal
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Time series:

Anomaly detection

ECG signal
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Time series: Pattern recognition

Birdsong
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Time series: Pattern recognition

Birdsong
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Time series: Pattern recognition

Birdsong
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Time series: Pattern recognition

Birdsong

Air sac pressure
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Time series: Pattern recognition

Syllables
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Time series: Pattern recognition

A canary song is composed by a concatenation of different syllabus patterns in the pressure in
their air sacs.
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