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The Andrews—Curtis conjecture
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Groups and group presentations

Group presentations Groups

P = <X1,X2,...X,, | r1,r2,...,rm> G = F(Xl,Xz,...X,,)/N(I’er,...,rm)

Theorem [Novikov-Boone, 1955-1958]

There exists a finitely presented group G such that the word problem for G is
undecidable.

Theorem [Adian-Rabin, 1957-1958]

The isomorphism problem in groups is undecidable.



Tietze's transformations

Theorem [Tietze, 1908]

Any finite presentation P = {(x1,...,X, | r1,..., my of a group G can be transformed into any

other presentation of the same group by a finite sequence of the following operations:
1. replace some relator r; by rfl;
2. replace some relator r; by rjrj for some j # i;

3. replace some relator r; by a conjugate wriw ! for some w in the free group

F(x1, %2,y Xn);

4. replace each relator r; by ¢(r;) where ¢ is an automorphism of
F(Xl,Xz, 500 7X,,);

5. add a generator x,,1 and a relator r,, .1 that coincides with x,.1, or the
inverse of this operation;

6. add a relator 1, or the inverse of this operation. .
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The Andrews—Curtis conjecture

Conjecture [Andrews & Curtis, 1965]

Any balanced presentation P = {x1,...,Xn | 11,..., rn) of the trivial group can be
transformed into { | ) by a finite sequence of Q**-transformations.



The Andrews—Curtis conjecture

Conjecture [Andrews & Curtis, 1965]

Any balanced presentation P = (x1,...,Xp | r1,..., rny of the trivial group can be
transformed into { | ) by a finite sequence of Q**-transformations.

Potential counterexamples
o P={x,y | xyx = yxy, x" = y""1 n > 2 [Akbulut & Kirby, 1985]
o P={x,y | xly"x =y x = y~Ixyx1) n =2 [Miller & Schupp, 1999]
o P={xy|x=[x"y",y = [yP,x9]) n,m,p,q e Z [Gordon, 1984]
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Group presentations CW-complexes of dim 2
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Group presentations CW-complexes of dim 2
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Topological point of view

Group presentations

Pk

CW-complexes of dim 2
K
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=z =gl _ =il —1
X3 X9, Xy X3 X10, X4 X5,
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Balanced
presentations of the «————————— Contractible 2-complexes
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Topological point of view

Group presentations CW-complexes of dim 2

Balanced
presentations of the «————————— Contractible 2-complexes
trivial group
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Topological point of view

Group presentations CW-complexes of dim 2

Balanced
presentations of the «————————— Contractible 2-complexes
trivial group
~QER /\::’
Conjecture [Andrews—Curtis, 1965]

Any contractible 2-complex 3-deforms to a point.
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Let K be a regular CW-complex.
e Amapf: K —>Risa if for every cell e in K:
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Discrete Morse theory

Let K be a regular CW-complex.
e Amapf: K —>Risa if for every cell e in K:

#{e" > e fe") < f(e" )} <1 and #{e" < e™!: f(e") > fle™ )} < 1.

e An n-cell e"e K is a if the values of f in every face and

coface of e increase with dimension.

1 5 5 6 1
11

4 2 1 4

g 13 9 a

3 2 7 2 3
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Discrete Morse theory

Let K be a regular CW-complex.
e Amap f: K — Ris a discrete Morse function if for every cell e” in K:

#{e">e" 1 f(e") < f(e™ 1)} <1 and #{e" <e"l:f(e") = f(e" )} < 1.

e An n-cell e" € K is a critical cell of index n if the values of f in every face and
coface of e” increase with dimension.
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Discrete Morse theory

Let K be a regular CW-complex.
e Amap f: K — Ris a discrete Morse function if for every cell e” in K:

#{e">e" 1 f(e") < f(e™ 1)} <1 and #{e" <e"l:f(e") = f(e" )} < 1.

e An n-cell e" € K is a critical cell of index n if the values of f in every face and
coface of e” increase with dimension.
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Morse theory for cell complexes

Theorem [Forman, 1995]

Let K be a regular CW-complex and let f : K — R be a discrete Morse function. Then

K is homotopy equivalent to a CW-complex K, with exactly one cell of dimension k
for every critical cell of index k.



Morse theory for cell complexes

Let K be a regular CW-complex and let f : K — R be a discrete Morse function. Then
K is homotopy equivalent to a CW-complex with exactly one cell of dimension k
for every critical cell of index k.
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Morse theory and simple homotopy reconstruction

Goals:

Given K a regular CW-complex k of dimension n and a discrete Morse function
f: K — R, we aim to:
e (re)construct the Morse complex Ky,

e recover information about the simple homotopy type of K and moreover its
(n + 1)—deformation class.



Morse theory and collapses

1 5 5 6 1 1 5 5 6 1 1 5 5 6 1
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Morse theory and collapses

Let K be a regular CW-complex.

Then, f : K — M is a discrete Morse function with critical cells C if and only if there

exist a of K
KnclicKi---CKy1Sly1SKy=K

such that K; ™\, L; for all 1 < j < N and the set of cells of K that was not collapsed
in any of the collapses K; ™\, L; is equal to C.
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Morse theory and Whitehead deformations

Let K be a CW-complex of dimension < n. Let ¢ : dD" — K be the attaching map
of an n-cell ™. If K\ L, then

n+1 .
Kue” A, Lué"

where the attaching map @ : dD" — L of é" is defined as $ = ry with r : K — L the
canonical strong deformation retract induced by the collapse K\ L.

e” -
é
n+1
@ _IH~a j- Cg“ CQ
K K
Kue" Lué" 11



Morse theory and Whitehead deformations

Let K be a CW-complex of dimension < n. Let ¢ : dD" — K be the attaching map
of an n-cell e”. If K\ L, then

n+1 ~
Kue” N, Lué"

where the attaching map @ : D" — L of &" is defined as ¢ = r¢ with r : K — L the

canonical strong deformation retract induced by the collapse K\ L.

We say that there is an internal collapse from K u e" to L U é".
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Internal collapses

Let K be a CW-complex on dimension n. Let
g=Ki1ClpcKhclicKi---ClycKy=K
be a sequence of subcomplexes of L such that K;\, L; forall j =0,1,... N. If

LJ'ZK 1UU ,,then

I C\_

. N
K A~ L U

*Here, the attaching maps of the cells é,/ can be explicitly reconstructed from the internal collapses.
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Morse theory and Whitehead deformations

Let K be a regular CW-complex and let f : K — R be discrete Morse
function. Then, f induces a sequence of CW-subcomplexes of K

=K 1ClgcKhcLicK--SlycKy=K

d;
such that K;\, Lj forall 1<j < Nand Lj = Kj_1 v | J& with {e/ :0<j < N,1<i<d}
i=1
the set of critical cells of . Moreover,
Nod

K A~ Loul & = Ku

j=1i=1
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Example
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. 3
En — /\
2
3l 2/ A8 e\ 8 3 N
%1 5 X6 Vi Vi 5 X8 .
Vi X6 Vi
X4 s
é10 xa

N3 NS

14

Vi X6 Vi



Morse theory
for group presentations




Group presentations P

15



Group presentations P
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Group presentations P
CW-complexes K
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Group presentations P
K/

CW-complexes P

_|_

f
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Group presentations P
K/

CW-complexes f (Kip) m
f
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Group presentations P P(K%)M
K/

CW-complexes _f (Kh)m
f'
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Group presentations P P(K%)M
K/

CW-complexes _f (Kh)m
f'

We have an algorithmic description of Pxy,),, from P.

15



P =y | X% xy72)
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P =y | X% xy72)
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P={xy|x%xy~%)

: K, — R discrete Morse function
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2 -2
Example: P ={x,y | x*,xy~%)
xa :

X15 X2, X3, X4, X5,
Qo =(x2,x3, X4, X5, X6, - - -,
0 =<X2,

-1, - -1, _-— -1 — -1, - — — — -1 — -1

7 9 2 4, X 3 X12X1g )
X. 1X15X , X4X1 1
B X12Xq3 X14, 4
1X X13X3Xy
X. 5,
i X1 11
4 X X11X3,
H X9 “X10, Xqg
X9 X ) X6 9
3 4 X, o)

Ll ox X7 “Xg, Xg

XX2 X5 s X6
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Qo =<X2.X3AX4AX57X6,...,X15 X2, X3, X4, X5,

) g =il =il =i, = =i =il =il =il =il =5l =il =5l
X7X5 1X5 17 Xg X7 X8, Xg XoX5 =, Xg X9 X10, Xqg X11X3, X12Xy7 X5, X13X3X, *, X12Xy3 X14, Xj4 X15X3, X4X12Xyg >

1 - 1 1.1 1 1 1 1 —1
Q1 =(X6 ..., x15 | X7, X5 X7 X, Xg X0, Xg "Xg X10, Xig X11, X11Xja s X13, X12Xj3 X14, X, X15, X12Xj5 )
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Qo =<X2.X34X4AX57X6,...,X15 X2, X3, X4, X5,

) g =il =il =i, = =i =il =il =il =il =5l =il =5l
X7X5 1X5 17 Xg X7 X8, Xg XoX5 =, Xg X9 X10, Xqg X11X3, X12Xy7 X5, X13X3X, *, X12Xy3 X14, Xj4 X15X3, X4X12Xyg >

1 1 11 1 1 1 1 1
Q1 =(x6...,x15 | x7, x5 'x; ' xa, Xg ‘X0, Xg 'Xg 'X10, Xig-X11, X11Xja s X13, X12X3 X14, X1, X15, X12X15')

1 - - 1 -1 —1 —1 1 —1
=(X6, .-, x1a | X7, Xg 'x7 X, Xg 'X0, Xg Xg X10, Xig X11, X11Xjo s X13, X12X 3 X14, X12X15)
2 =(X6,- -, s Xg X7 8 s Xo 10 12
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Qo =<X2.X34X4AX57X6,...,X15 X2, X3, X4, X5,
-1, - -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
X7Xy X5, Xg X7 "Xg, Xg XgX5 *, Xg Xg X10, Xjg9 X11X3, X12Xy7 X5, X13X3Xy , X12X33 X14, X4 X15X3, X4X12X;g >

11 1 11 1 1 1 1 1
Q1 =(X6...,X15 | X7, Xg X7 X8, Xg X0, Xg Xg X10, Xqq X11, X11X15 , X13, X12Xy3 Xi4, X;, X15, X12Xyg )

11 —1 1 -1 —1 —1 —1
Q2 =(X6,...,X14 | X7, Xg "Xg X8, Xg X0, Xg  Xg X10, Xqg X11, X11X13 , X13, X12X13 X14, X12X154 )

11 1 11 1 ~1 1
Q3 =(X6,...,X13 | X7, Xg Xy X8, Xg X0, Xg Xg X10, X1g X11, X11Xy5 , X13, X12X12X13 )

17




Qo =<X2.X34X4AX57X6,...,X15 X2, X3, X4, X5,

-1 -1 -1 -1 -1 -1 -1 _-1 -1 —1 -1 -1 -1 -1
X7Xy X5, Xg X7 "Xg, Xg XgX5 , Xg Xg X10, Xig9 X11X3, X12Xy7 X5, X13X3Xy , X12Xy3 X14, Xy, X15X3, X4X12X15>

Q1 =(X6...,x15 | x7, X6_1><7_1><87 X8_1Xg, ><6_1X9_1x10, X1_01X11, xllxl_zl, X13, ><12><1_31><147 x141x15, X12x1_51>
Qo =X, ..., x14 | x7, x6_1x7_1x87 X8_1Xg, X6_1X9_1X1m X1_01X11, X11X1_21, X13, X12><131)<14, X12X1_41>

Q3 =(Xe,...,x13 | x7, xglx;lx& Xngg, Xgl 71X10, X;01X11, xllxﬁl, X13, X12X12X£,,1>

Qs =(X6,- .-, x12 | X7, xglx;lx& xglx_g, X6—1X9—1X107 X;()]'X11, xllezl, X122>

Qs =X, ..., x11 | x7, xglx;lxg, xz;lxg7 xgl 71x10, xlolxn, x121>

Q6 =(X6,--.,x10 | x7, X6_1X7_1X87 X8_1Xg, Xg 1x9 1x10, X120> .

Q7 =X, ..., X0 | x7, X6_1 X8, Xg 1y, (ngs)2>

Qs ={x6,x7,%5 | x7, %5 "%, "x3, (x8%6)%)

Qo =(x6,x7 | x7, (x74)%)

Q10 =(x6 | Xy ~gws P

17



Applications to the
Andrews—Curtis conjecture




Potential counterexamples

The following balanced presentations of the trivial group satisfies the Andrews—Curtis

conjecture:
P ={xy | xyx = yxy, x> =y [Akbulut & Kirby, 1985]
P =y | xy3x = y* x = y“Ixyx™1) [Miller & Schupp, 1999]
P =<y I x =[xty ]y =[y 1 x9),¥q € N [Gordon, 1984]

TFirst proved by Miasnikov in 2003 using genetic algorithms.
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